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1
METHOD AND STRUCTURE FOR FAST
IN-PLACE TRANSFORMATION OF
STANDARD FULL AND PACKED MATRIX
DATA FORMATS

CROSS-REFERENCE TO RELATED
APPLICATIONS

The present Application is related to the following co-
pending application:

U.S. patent application Ser. No. 11/035,933, filed on Jan.
14, 2005, to Gustavson et al., entitled “METHOD AND
STRUCTURE FOR CACHE AWARE TRANSPOSITIONS
VIA RECTANGULAR SUBSECTIONS”; and

U.S. patent application Ser. No. 11/045,354, filed on Jan.
31, 2005, to Gustavson et al., entitled “METHOD AND
STRUCTURE FOR A HYBRID FULL-PACKED STOR-
AGEFORMAT AS A SINGLE RECTANGULAR FORMAT
DATA STRUCTURE”,

both assigned to the present assignee, and incorporated
herein by reference.

BACKGROUND OF THE INVENTION

1. Field of the Invention

The present invention generally relates to improving effi-
ciency of in-place data transformations such as a matrix trans-
position. More specifically, part of the data to be transformed
is pre-arranged, if necessary, to first be contiguously arranged
in memory as contiguous blocks of contiguous data, which
data is then available to be retrieved from memory into cache
in units of the blocks of contiguous data, for application of a
transformation on the data such as a matrix transposition, and
then replaced in memory. The part of the data not transformed
is saved in a buffer and later placed out-of-place back into
holes of the transformed data.

2. Description of the Related Art

As an example of the type of data transformations that the
present invention can make more efficient, there are in-place
algorithms for matrix transposition that works on individual
matrix elements. Because the individual matrix elements
must be referenced in an essentially random order for large M
and N these codes run very slowly. U.S. Pat. No. 7,031,994 to
Lao, et. al., partially addresses this problem.

However, as explained in more detail below, the results of
Lao have quite limited scope. In many instances where the
technique works, a fair amount of extra storage is used. They
assume the underlying permutation is known but give no
indication on how they find this structure or the amount of
extra storage required.

Thus, as one possible application demonstrating the
method of the present invention, there exists a need for amore
efficient method of in-place matrix transposition, one thathas
generic capability regardless of its size and shape of the given
input matrix.

However, transposition of matrix data is only one possible
application of the method of the present invention since it is
directed to the more generic problem of performing an in-
place transformation of a matrix represented in one of the two
standard formats of matrices to the same matrix data in
another matrix format such as new data structures (NDS)
where it will be able to apply the transformation in a fast
manner.

An example is the matrix transposition discussed in Lao, et
al. Several other examples will now be given. NDS for the two
standard formats of matrices, full and packed matrices are
given in “High-performance linear algebra algorithms using
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new generalized data structures™ by Gustavson. For full for-
mat, the square block (SB) format of order NB is defined as an
example of an NDS. In the present invention, we generalize
NDS include rectangular block (RB) format of size MB by
NB.

Thus, returning to examples that could utilize the method
of'the present invention, another example is to transpose a RB
matrix of size M by N in-place. Another example is to trans-
form a lower SBPF matrix to an upper SBPF matrix. A third
example is to transform a packed matrix to a RFP matrix, as
described in the second above-identified co-pending applica-
tion. All three examples here admit inverse transformations so
we really have six examples.

In the context of the present invention, the term “transfor-
mation” means that N data points map into each other as a
permutation of the originally-stored N data points. The term
“in-place” means that the permutation of N data points is
returned to the same memory location as that used for the
original data. A typical transformation will be accomplished
by using a CPU of'the computer to perform the transformation
mapping algorithm.

The term NDS, standing for new data structures, is a term
describing novel ways of storing the elements of full and
packed matrices in a computer. The idea behind NDS is to
represent the storage layout of a matrix as a collection of
contiguous sub-matrices each of size MB by NB. MB and NB
are chosen so that MB*NB is about the size of a cache.

The present invention addresses the problem noted by the
inventors that a data transformation, including in-place data
transformations, involve a mapping between the original data
stored in memory and the relocated data as desired by the
transformation. The problem being more specifically
addressed involves the inefficiency resultant from conven-
tional transformation methods applied to matrices in standard
formats wherein data to be moved must be moved as single
words randomly to other single words in the memory space.
This happens almost all the time when the data in matrices is
represented in standard matrix formats. When data is
retrieved from memory and moved to a cache for purpose of
the transformation processing, the desired data word is
located in memory and retrieved as one data word of a chunk
of memory words called a memory line of size LS that will, in
general, contain [L.S—1 other words that are not be applicable
for the processing or at least not immediately needed for the
processing. A typical value of LS is 128 bytes or 16 double
words.

Therefore, in recognizing the random nature of data move-
ment governed by the matrix transformations for matrices
stored in standard formats, the present inventors recognized
that data transformations of single words of data can be quite
inefficient, because the data retrieved for executing the trans-
formation algorithm by the CPU will, in general, only contain
only one of LS words that will be consumed by the transfor-
mation algorithm.

Thus, a need exists to improving efficiency of data trans-
formations by ensuring that all data currently needed for the
execution of the transformation algorithm are being retrieved
from memory contiguous lines of size LS, thereby precluding
the needless handling of data not currently needed nor
wanted.

SUMMARY OF THE INVENTION

In view of the foregoing, and other, exemplary problems,
drawbacks, and disadvantages of the conventional systems, it
is an exemplary feature of the present invention to provide a
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structure (and method) in which in-place data transforma-
tions are more efficiently executed on a computer.

In a first exemplary aspect of the present invention,
described herein is a computerized method for an in-place
transformation of matrix data, including, for a matrix A stored
in one of a standard full format or a packed format and a
transformation T having a compact representation, choosing
blocking parameters MB and NB based on a cache size;
working on a sub-matrix A1 of A, Al having size M1=m*MB
by N1=n*NB and saving any of a residual remainder of A in
a buffer B, the sub-matrix being worked on as follows: con-
tiguously moving and contiguously transforming A1 in-place
into a New Data Structure (NDS), applying the transforma-
tion T in units of MB*NB contiguous double words to the
NDS format of A1, thereby replacing A1 with the contents of
T(A1), moving and transforming NDS T(A1) to standard data
format T(A1) with holes for the remainder of A in buffer B,
and contiguously copying buffer B into the holes of A2,
thereby providing in-place transformed matrix T(A).

In a second exemplary aspect of the present invention, also
described herein is an Apparatus including a memory to store
amatrix A in one of a standard full format or a packed format
and instructions for performing a transformation T having a
compact representation, at least one cache, and a processor
choosing blocking parameters MB and NB based on a cache
size of said at least one cache and working on matrix A in the
manner of the method just described.

In an exemplary third aspect of the present invention, also
described herein is a machine-readable medium tangibly
embodying a program of machine-readable instructions
executable by a digital processing apparatus to perform a
computerized method for an in-place transformation of
matrix data, as described above.

BRIEF DESCRIPTION OF THE DRAWINGS

The foregoing and other purposes, aspects and advantages
will be better understood from the following detailed descrip-
tion of an exemplary embodiment of the invention with ref-
erence to the drawings, in which:

FIG. 1 shows the problem with conventional in-place data
transformations 100;

FIG. 2 shows the concepts 200 of the present invention
wherein a small amount of residual data is separated out and
subsequently placed back into holes left after the bulk of the
data has been transformed;

FIG. 3 shows the method 300 of the present invention as
used in an example with matrix A being size 1000x100;

FIG. 4 shows the method 400 of the present invention as
applied to matrix data in a packed format;

FIG. 5 illustrates an exemplary hardware/information han-
dling system 500 for incorporating the present invention
therein; and

FIG. 6 illustrates a signal bearing medium 600 (e.g., stor-
age medium) for storing steps of a program of a method
according to the present invention.

DETAILED DESCRIPTION OF EXEMPLARY
EMBODIMENTS OF THE INVENTION

Referring now to the drawings, and more particularly to
FIGS. 1-6, there are two exemplary embodiments of the
method and structures according to the present invention. The
first exemplary embodiment involves the standard full format
and the second exemplary embodiment discussed thereinafter
in lesser detail is the standard packed format.
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FIG. 1 shows exemplarily how a typical conventional in-
place data transformation 100 occurs, wherein data word 101
of interest is retrieved as one word in a memory line 102
containing additional words 103 that, in general, will not be
needed in the transformation algorithm immediately by the
transformation. Only data word 101 will be processed at the
present time from line 102 using the transformation algorithm
by moving the data into cache 104, using the CPU 105 for
executing the transformation, and returned to memory in
accordance with its new location for the data word 101.

The remaining data words 103 will not be used in the
immediate transformation processing. In general, the data
word 101, and its neighbors 103 retrieved from memory for
the transformation processing is more or less “randomly
placed” in memory, when viewed from the perspective of how
data is actually processed during the transformation. Hence,
the neighbors of word 101, words 103 will almost never be
used during this time instance of processing. Of course, the
words 103 will be processed at later time instances, some
have already been processed earlier time instances.

In contrast, as exemplarily shown in FIG. 2 shows, as a
description of the general concepts 200 of the present inven-
tion, rather than retrieving data for a transformation from
memory as prescribed by transformation T in a random man-
ner shown in FIG. 1, the present invention teaches to save a
tiny piece 201 of the matrix 202 in a “buffer” B 203 and then
contiguously move or contiguously transform the remaining
matrix A1 204 to a NDS called rectangular block (RB) format
205.

Transformation processing T can now be applied to the RB
matrix 205, but now each single element move is a RB move
of size MB*NB contiguous elements (e.g., A00, . . . A21).
This result can be returned to standard format using contigu-
ous moves or contiguous transforms 206 (with holes 207 for
the contents of the buffer B 203) by fast move or other fast
transform operations. Finally, the buffer B contents are cop-
ied into the holes 207.

Thus, by reason of this buffer saving and moving or trans-
forming to RB format, T can be applied to RB’s. The move or
transform steps and their reverse steps will consist of data
movements on vectors of contiguous data. Hence, all these
data movement will be done at the fastest possible memory
rates on today’s processors. More data is moved; however, it
is moved at the maximum rate and overall the processing time
is reduced. This overcomes the inefficiency of handling data
needlessly or data not even related to the processing. In an
exemplary embodiment, the data is always moved as a blocks
or vectors of contiguous data.

In contrast to the conventional method, the present inven-
tion teaches that in-place data transformations of matrices
stored in standard format will process much more efficiently
when time is taken preliminarily to place the data into NDS
consisting of blocks representing sub matrices.

The size of the data blocks and vectors depends upon the
cache and line sizes of a specific computer and operating
system and might be, for example, a memory line of data, as
a minimum, but would more typically include multiple
memory lines of data. The block and vector sizes will also
depend upon the size of the working area of the cache into
which memory data is retrieved for processing by a CPU
(central processor unit). The small amount of data moved into
the buffer space is the additional amount of space that the
NDS requires over the standard input data. Since we must use
the original array area we produce a slightly smaller instance
of the original data and save two of its borders in the buffer.

The data transformation processing on NDS will then take
each data block and execute the transformation very effi-
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ciently using the contiguous data of the blocks. In an in-place
transformation, the transformed data will then be returned to
a different memory location from which it was retrieved.
Another requirement of the present invention is that of “com-
pact representation” of a transformation. A transformation T
(permutation) of size N maps 0 to N-1 onto itself. The trans-
formation T is compact if it can be represented by a formula
that uses a constant amount of space, independent of N.

For example: N-1=m®*n-1, where m and n are the row size
and column size of a matrix A. let k=i+m™*j and T(k)=j+i*n,
where O<I<m and Osj<n. so O<k=N. Here (i,j) represents the
storage address of A(i,j). This description of T is compact
because there a formula requiring constant space that speci-
fying where any given element of A gets mapped to under T.

In contrast, an example of a non-compact description is:
m=3, n=2, N=6 T(0)=4, T(1)=3, T(2)=2, T(3)=5, T(4)=0,
T(5)=1. This description is non-compact because it takes as
many storage elements to describe the transformation as there
are number of elements to be transformed.

Returning now to the specific example of data transforma-
tion as being matrix transposition, such as described in Lao et
al., the new invention presents a solution that works in all
cases, rather than specific examples such as described therein.

The present invention is based on choosing ablock size MB
by NB where MB*NB usually lies somewhere between the
size of L1 and [.2 caches. If M is not a multiple of MB or N is
not multiple of NB then not more than N*MB+(M-MB)*NB
extra storage is required for the buffer B. This concept of
block size as based on cache sizes is referred to herein as
“cache blocking.” It is noted that “buffer” is used as a generic
term that implies a bit of additional memory and could be a
hardware buffer but would more typically be a small portion
of memory that is used to store the data. Thus, in this context,
“buffer” would mean “buffer space” in the memory.

The additional preliminary step of rearranging data into
contiguous blocks based on block size can be advantageously
used for both performance reasons and storage reasons in
many applications of Dense Linear Algebra, in addition to
transposition example discussed herein.

The following discussion shows that cache blocking is
amenable to in-place matrix transposition. The advantage is a
huge performance gain. The conventional method demon-
strated in Lao et. al. has an incomplete vector solution or a
square block solution. This means it only works in relatively
few cases. Where it fails, slow solution methods as described
above in FIG. 1 will be used. Furthermore, the present inven-
tors view the invention described in Lao as potentially non-
enabled, since there are numerous places where sufficient
detail is lacking. Finally, relative to the present invention, the
methods of Lao use too much additional storage, as will be
demonstrated shortly.

It is noted that the novel solution described in the present
invention also has a good symmetric multi-processor (SMP)
parallel implementation. Moreover, other Dense Linear Algo-
rithm matrices, such as full triangular matrices and packed
triangular matrices, are also amenable to the main idea of this
method, as demonstrated by the exemplary second embodi-
ment discussed later.

An Example of the First Exemplary Embodiment

The following discussion provides an example using a
matrix of size 1000 by 100. It is noted that there is no need in
this example to store a small residual amount in a buffer
space, since the choice of MB and NB happens to consume all
of the original data.
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FIG. 3 shows graphically 300 this example, using exem-
plarily a matrix A, 301, of size M=1000 rows by N=100
columns. The format matrix A is standard Column Major
(CM) order of the FORTRAN and C programming languages.
The LDA of A is equal to M.

In a first step, the M by N matrix A has its format changed
in-place to Rectangular Block (RB) format 302 where the size
of'each RB 303 is MB by NB where MB=100 and NB=20.

That is, matrix A 301 can be considered to be broken down
into five columns, each having ten smaller sub matrices A1,
303, all sub matrices having size MB=100 by NB=20. Note
that Steps 1 and 2 of the IRX algorithm, provided shortly
ahead in the discussion, are no-operations and that MB is
unequal to NB.

An in-place vector transposition is then performed on each
column swath A1, 303, resulting in a vector transpose 304 of
each Al. During this vector transpose each of the five A1’s are
transform from standard CM format with LDA=1000to aRB
format where each RB has an LDA=100. The vector length is
MB=100 the rectangular matrix RM of vectors is size m by
NB or 10 by 20. The mapping MAP(k)=mod(k*NB,Q) where
Q=m*NB-1=199. Here k=i+LDA%*j where LDA=m repre-
sents the (i,j) element of RM and 1<k<Q. Elements (0,0) and
(m-1,NB-1) map into themselves; they are called singleton
cycles. Let us follow the cycles starting at k=1 and 3. These
are called leaders:

Coset generated by leader 1:

12024048081601612132436486128172571451149129
18258 165 116 131 33 63 66 126 132 53 65 106 130 13 61 26 122 52
4510490918018 161 36 123 7247 14494 89188178 177 157 155
1151113123 62461249249 18498 169 196 139 193 79187 158 175
11715135103 707 140 14 81 28 162 56 125 112 51 25102 50 5100 10

Coset generated by leader 3:

3606120124124824816496129 19259185118 1713714374
87 148 174 97 149 194 99 189 198 179 197 159195119 191 39183 78
167 156 135113 71 2714254 85108 170 17 141 34 83 68 166 136 133
73 67146 13493 69 186 138 173 77 147 15495 109 190 19 181 38 163
76127 1525510511011 21 22 4244 84 88 168 176 137 153 75 107
150 15 101 30

Each of the cycles has length 99. So, there are four cycles,
of'lengths 1,1, 99, 99, These four cycles cover all 200 vector
elements of RM. This is step 3 of IRX coding given later, and
subroutine VIPX is called n=5 times. Each A1 now consists of
m=10 RB’s of size MB*NB=200000. Now A is a concatena-
tion of the n=5 A1’s, 304 and, hence, A is now in RB format
consisting of a m=10 by n=5 RB matrix. Call this RB matrix
A2. Fach (i,j) element of A2 is RB. There are 10 block rows
and 5 block columns. Also, see box 304. Now we turn to the
block transpose map in box 305. The Block Map M=map(i,
j)=mod(j+5*1,49). We follow (1,0) which has cycle length
$(49)=42.

1525273738431946342317363318419452947
394844242212116303152632131631840420
210

Next we follow (7,0) which has cycle length 6.

73528421421
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Block Map M"-1 inverse map(i,j)=mod(+10%i,49)
We follow (1,0) which has cycle length 42.

1102204408311613322615330611122224
44 4839472945941 1833361723 34461943 383727
255

Next we follow (7,0) which has cycle length 6.

72114422835

Note that M"-1 has the cycles going backwards instead of
forwards. This is always true.

We now describe the Block Map M=map(i,j) in high level
detail. Full details are given in reference “In-place Transpo-
sition of Rectangular Matrices” by Gustavson and Swirszcz.

The cycle of (1,0) of length 42 is moving sub matrix blocks
of size MB*NB=2000. Hence i refers to memory locations
1*2000:(1+1)*2000-1. For example, take i=18. The map M
says take the block at 18%2000:19*2000-1 and move it trans-
posed to the block at M(18)=41 or 41*2000:42%2000-1.

The modulus Q=m*n-1=10%*5-1=49=7"2. 49 has 3 divi-
SOIS.

d ¢ (d) cL #e d ¢ (d) cL #e
49 42 42 1 1 1 1 1
7 6 6 1 7 6 1 1
48 2 1

The Block Map M get divided into 3 disjoint sub-problems
each governed by Eulers ¢ function applied to one the 3
divisors of Q. For example ¢(Q) is 42 and there are 42 ele-
ments of A2 that are relatively prime to Q. One of these is
(1,0) corresponding to integer 1 which is relatively prime to
Q. Integer 1 generates a cycles of length 42.

This single cycle generates all $(Q) elements of A2 rela-
tively prime to Q. So, divisor Q will handle 42 elements of A2
as a single cycle of length 42. There are two more disjoint
problems to handle, each associated with one of the remain-
ing two divisors of Q. For each of these two divisors d the size
of'the problem is ¢(d) elements of A2. We state that every one
of'these ¢(d) elements of a given problem of size d constitute
¢(d) elements of Block A2 that are randomly placed in Block
A2. So, according to the Block map M these ¢(d) block
elements of A must be accessed in a block random manner.

Now we come to one of significant points of the method of
the present invention. The elements within a block are con-
tiguous. Recall that MB=100 and NB=20. Each sub matrix
block contains MB*NB=2000 elements, which are stored in
2000 contiguous memory locations. A common line sizeis 16
double words. The entire block is brought from memory as
125=2000/16 lines. This is the fastest possible form of
memory transfer to cache. Furthermore, every element of
each of these 125 lines will be used as this sub matrix block is
moved to another empty contiguous memory location con-
sisting MB*NB double words.

Atthis point, we have T(A) or box 305. Note that each 100
by 20 block has been transposed to be a 20 by 100 block with
LDA=20. In box 306 we need to take each of the 10 sets of
columns and transform each set from RB format to CM for-
mat. See step 5 of IRX in the pseudo code provided in the
discussion ahead. The result is box 306 and the matrix there is
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8
in CM format with LDA=100. This the final answer. This step
is like Step 3. So, we not carry out the details of this mapping.

As an aside, Lao does not mention any of this permutation
detail. Lao does say that his permutations occupy Q space,
plus pointer space for the cycle leaders. For every problem,
Q=m*n-1 and the number of cycles is usually much less than
Q. Now we can say what Lao would do with this problem.
Lao’s works with M*q columns of A. Here N=100=n*q. q
should be large but M*q should fit into cache. Let us set g=5.
In Box 108 of Lao he says “apply a permutation to the
matrix”. We think Lao means that his matrix is a vector matrix
VM of vectors of length q with M rows and n columns.

What is wanted is VM T. The mapping MAP(k)=mod(k*n,
Q) where Q=M*n-1=19999. Here k=i+LDA*j where
LDA=M represents the (i,j) element of A and 1<k<Q. Now,
k=1 corresponding to vector element (1,0) of length q=5 has
a cycle length cLL of size 136 which is a divisor of $(Q). Now
Q=7%2857 and ¢$(Q)=2"4*3"2*7*17. Theory tells us there are
¢(Q)/cL=126 leaders for this sub-problem. Lao does not say
how he finds these 126 leaders which is only part of the
problem of finding permutation P associated with vector
matrix VM. Lao does say he explicitly stores P whose length
is 20000.

Additionally, Lao stores all the cycle leaders as pointers.
So, Lao stores more than 20126 words which is more than a
20% additional storage overhead. Finally, Lao’s vector length
is g=5. Since LS is 16, Lao only obtains 31.25% efficiency; 11
of'16 elements in every line is not used due the random nature
of'the mapping.

Thus, from the above example, it can be seen that a key idea
of'the method of the present invention is to convert a matrix A
having size M by N in standard CM format into RB (Rectan-
gular Block) format. This can be done by a series of fast
transformations. One gets a smaller RB matrix A2 of size m
by n where M=m*NB and N=n*NB. One finds the cycle
structure of A2 by applying the point algorithm of PA B to A2.
In matrix A2 each cycle move in A2 consists of moving the
transpose of a size MB by NB sub matrix of A2 to another
empty location of A2 of size MB*NB. A buffer of size
MB*NB is required do all of the moves.

When M is not a multiple of MB and N is not a multiple of
NB there are two sub matrices of size r by N and s by M that
border A in its last r rows and its last q columns. =M-m*MB
and g=N-n*NB. These sub matrices are moved to a buffer B
and then one can deal with a truncated matrix Al of size M-r
by N—-q. Note that A1 has its row size M1 and its column size
N1 as multiples of MB and NB respectively. We now identify
A1 with the matrix A in what follows. So, A1l here will have
the same size as the RB matrix A2 above. Al is currently in
column major (e.g., CM) order.

We now briefly describe how one gets from standard col-
umn major (CM) format to RB format. Let M=m*MB and
consider NB contiguous columns of CM A1 where N=n*NB;
call this matrix A3.

Think of A3 as an m by NB matrix whose elements are
column vectors of length MB. A3 is a column swath of matrix
Al. There are n swaths and they constitute the full A1. Now,
apply the point algorithm described in “In-place Transposi-
tion of Rectangular Matrices”, by Gustavson and Swirszcz, to
this m by NB matrix A3 of vectors of length MB. The result is
that now A3 has been replaced (over-written) as A3"T which
is a size NB by m matrix of vectors of length MB.

It turns out, as a little reflection will indicate, that A3"T
consists of m RB matrices of size MB by NB concatenated
together. One can do this operation in parallel for each of
these n=N/NB sub matrices A3 of Al. After completion of
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these nparallel steps one has transformed CM A in-place to be
A2 as a RB matrix consisting of m*n RB’s.

The process of going from an A2 in RB format to an Al in
CM format is the “transpose” of the above procedure; i.e.,
given NB by m A3"T one transposes A3"T to (A3"T)"T (=A3)
in-place to get m by NB A3 in CM format.

Suppose M is not a multiple of MB and N is not a multiple
of NB. We save the last r rows of A and the last q columns of
A in a buffer S. Next, we move forward the first m*NB rows
and n*NB columns of A into a compact space of size
m*MB*n*NB.

Call this new compact matrix B. B has its M a multiple of
MB and its N a multiple of NB. So, we can transpose B in
place by the methods we have already described. Call this
result C=B"T. We then expand C into the space M*N.

We then use the two matrices of buffer S and transpose
them out-of-place into the vacant places of the expanded C
matrix. We have now described the features of the algorithm.

The SMP parallel algorithm is obtained by letting a difter-
ent processor move the disjoint cycles associated with the
small m by n matrix A2. If A2 only has a few large cycles then
one cuts these cycles into several pieces. Each processor can
move a disjoint piece of a single large cycle.

The pseudo code capable of executing the above verbal
description is as follows.

10

that many matrices, especially large ones have M so large that
not a single column of A fits into cache. Let N=n*q. In FIG. 1
of Lao, the first step, boxes 104 to 106, is to perform n
out-of-place transposes of column swaths of A if size q. In the
present invention, with MB=q, we have matrix A1 and do an
in-place vector transpose of n different A3’s n times. Our
buffer is size is sometimes MB=NB=q whereas Lao’s buffer
is size M*q. Next, Lao applies a permutation vector, box 108,
to the result of their step 1. No details are given about box 108
except in column 10 lines 35 to 50. This 16 line description is
considered inadequate. Further note that at line 50 there is a
break in the continuity of Lao: The matrix beginning at line 52
is a square matrix and this matrix belongs to Lao’s description
of FIGS. 3 and 4.

Note that lines 12 to 34 of column 10 describe boxes 100 to
106 of FIG. 1. There is some hand-waving here; see lines 20
to 26. Lines 17 to 19 limit Lao in two essential ways. For
example, when N is prime, q=1 and performance will greatly
suffer. M*q as a block size is a second limitation. It restricts q
to be small and performance suffers when q is small.

In column 7, lines 43 to 67 and column 8, lines 1 to 19 Lao
discusses details of how it handles its permutation vectors.
The total size of the permutation vectors is the size of the
block matrices plus the number of cycles. In contrast, the
present invention uses only the number of cycles. We remark

ALGORITHM IN-PLACE RECTANGULAR TRANSPOSE (IRX)

A is an M by N matrix with LDA >= M stored in standard CM format. A is stored

in a one dimensional array A(0:LDA*N-1). MB and NB are given blocking parameters.

Step 0: put LDA = m*MB + r and N = n*NB + q. Note, we work with LDA and N
instead of M and N. In many cases, LDA = M. Let M1 = m*MB and N1 = n*NB.

Step 1: save the last q columns of A as a matrix ALC of size LDA by q in buffer BUF.
ALC = A(0:LDA-1,N1:N-1). Define ALR of size r by N1 = A(LDA-M1:LDA~
1,0:N1-1). Also, save ALR in buffer BUF.

Step 2: Contraction step: Move in-place Al = A(0:M1-1,0:N1-1) of matrix A to array
space A(0:M1*N1-1). This can be done as mostly DCOPY calls on vectors of

length M1. There will be a few vectors moves of length M1. In total there will be

N1 such DCOPY calls or vector moves.
Step 3: transform CM Al to RB Al
DO J=0,N1-NB,NB
CALL VIPX(MB,m,NB,A1(0,]))
ENDDO

Step 4: transform M1 by N1 RB Al to RB Al'T in-place; the result is re-named to be

Al. Al isnow N1 by M1.
CALL BIPX(MB,NB,m,n,A1) { A1 ->A1T in-place
Step 5: transform n by m RB Al to CM Al
Do J=0, M1-MB, MB
CALL VIPX(NB,MB,n,A1(0,1))
ENDDO

Step 6: Expansion step: Move in-place Al = A(0:M1-1,0:N1-1) of matrix A to array
space A(O:N*LDA-1). This can be done as mostly DCOPY calls on vectors of
length N1. There will be a few vectors moves of length N1. In total there will be

M1 such DCOPY calls or vector moves.

Note: on input CM Al has LDA = N1. On output, Al has LDA = N and holes

have been produced in Al to receive ACL and ACR which are in BUF. We now

rename A1(0:N-1,0:LDA-1) to be A.

Step 7: Use a standard out-of-place transpose algorithm on ALC in BUF to put ALC'T in

A(N1:N-1,0:LDA-1) and on ALR in BUF to put ALR T in A(0:N1-1,
M1:LDA-1).

Comparison of the Present Invention with the Method of Lao
etal.

Having explained the method of the present invention, we
now describe how it compares with the method described in
Lao. Lao somewhat resembles its FIGS. 1 and 2 of the present
invention in its global function. This conventional method
assumes its q (our NB) evenly divides N.

In contrast, in the present invention, it is assumed that
LDA=M. In fact, Lao never mentions LDA which we con-
sider to be a very important omission. Lao also states that q is
chosen so that M*q columns of A fit into cache. We observe

60

65

that the numbers of cycles of a permutation is usually much
smaller than the size of the permutation.

We close this discussion with how box 108 relates to the
present invention’s IRX algorithm. (IRX stands for In-place
Rectangular Transpose). We have already stated how the
present invention IRX ditfers from Lao in boxes 100 to 106.
There are three steps to the present invention’s IRX when
M=m*MB and N=n*NB. They are steps 3 to 5 above of IRX.
Boxes 100 to 106 relate to IRX step 3 of going from CMto RB
format. Actually, RB is always SB for Lao. Box 108 relates to
steps 4 and 5 of IRX: A1<-A1"T is step 4 of IRX and A1 going
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from RB to CM is step 5 of the present invention. As men-
tioned, Lao, in Box 108, only says apply a permutation to the
matrix. To us, this clearly appears to be indefinite.

Exemplary Second Embodiment

Now we turn to the other standard data structure for matri-
ces call packed matrices. For packed matrices the results are
not so nice because the permutation structure of the mapping
in the packed case does not share many of the properties of the
linear M by N rectangular matrix A case.

In this exemplary second embodiment, the present inven-
tion takes a packed matrix A, which is either symmetric or
triangular, and transforms it to another matrix format which
contains the original data.

As exemplarily shown by the method 400 represented in
FIG. 4 let matrix A 401 be an order N packed matrix. Matrix
A 401 resides in an array AP of size nt=N*(N+1)/2. Let NB be
ablock size. Let A1 403 be an order M=m*NB Square Block
Packed Format (SBPF) matrix representation of Al, a sub
matrix 402 of A, whose array size mtb=mt*NB"2 is less than
or equal to nt. Here mt=m™*(m+1)/2. The first N-M columns
404 of AP are saved in buffer B 405. The remaining M
columns of AP are transformed in-place inside the space of
AP to form move expanded Column Major (CM) T(A1), as
explained in more detail below. Then the remaining N-M
columns are retrieved from B and placed back into holes left
in moved expanded CM T(A1).

Similar to the first embodiment described above, this sec-
ond embodiment also can be used for both performance and
storage reasons in many applications of Dense Linear Alge-
bra (DL A), and also has good SMP parallel implementation.

This second embodiment also shows that cache blocking is
amenable to a matrix transformation T of packed arrays. The
advantage is a large performance gain. One could let NB=1.
That would be equivalent to using a point form of the trans-
formation which would be about several hundred times
slower than a block form of the algorithm. In the point form
no extra storage is required. In the block form, a buffer B of
size about N*NB is required.

As exemplarily shown in FIG. 4, for the packed format, a
key idea is to convert order N packed A of size nt=N*(N+1)/2
into AP into order M=m*NB Al SBPF format of size
mtb=mt*NB"2 and mt=m*(m+1)/2 where N-M is small. See
401 for order N packed A. Order M SBPF A1 is shown at 403.
This can be done by a series of fast transformations. One gets
a smaller SBPF matrix Al of order M. One finds the block
cycle structure of T(A1) by applying the transformation T to
B1 where B1 is the point form of SBPF Al. In matrix A1 each
cycle move in Al consists of moving an order NB sub matrix
of A1 to another empty location of AP of size NB"2. A buffer
of size NB"2 is required do all of these moves.

Since M<N, even when N is a multiple of NB, there is an
area whose size is trapezoid T1, see 404, with base N-M and
sides N and N-M+1 that needs to be saved in a buffer B, see
405. M is chosen so SBPF Al fits into the packed space of
order N packed A; ie, ntzmtb. See 406. Call step 0 the finding
of M and N with this property. This T1 part of AP is saved in
Buffer B and then one can deal with the eventual SBPF matrix
Al. Call this transfer Step 1. Note that A1, which consists of
M columns of A is still in AP in standard packed format after
Step 1. Usually, T1 is the first N-M columns of packed A and
packed A1 is the last M columns of packed A, see 403.

Recall that M<N. In step 2, we move forward packed order
M A1 into a compact space of size mtb. Call this new compact
matrix CM block packed format A1 consisting of m contigu-
ous block CM swaths. The packed format order M A1 0f 403
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is moved to 406. Actually 406 reside in 401 as it has moved
over the 404 area of 401 to make for the bulges in 403. This is
okay, as 404 has been copied to 405. We now briefly describe
how one gets from CM block packed format to SBPF A1. Call
this step 3. In FIG. 4 this is the process of going from 406 to
407. Consider NB contiguous columns of CM A1(J:J+NB-1)
where J=j*NB; call this matrix A3. See 408.

Think of A3 as a j by NB matrix whose elements are
column vectors of length NB. A3 is a column swath of matrix
Al. Again see 408. There are m swaths and they constitute all
of Al. In 407, m=4. Now, apply the point transposition algo-
rithm VIPX to this j by NB matrix A3 of vectors of length NB.
The result is that now A3 has been replaced (over-written) as
A3"T which is a size NB by j matrix of vectors of length NB.
It turns out, as a little reflection will indicate, that A3"T
consists of j order NB SB matrices concatenated together. See
407 which is the result of VIPX applied m=4 times to 406.
One can do this operation in parallel for each of these j sub
matrices A3 of Al. After completion of these m parallel steps
one has transformed CM blocked packed Al in-placetobe Al
as a SBPF matrix Al consisting of mt SB’s.

The process of going from A3 in SB format to A3 in CM
format is the “transpose” of the above procedure; i.e., given
NBbyjA3 Tonetransposes A3 T to (A3"T) T in-place to get
j by NB A3 in CM format (see 408 of FIG. 4). Call these two
processes P CM to SB, algorithm VIPX, and PA"-1 SB to CM,
also using algorithm VIPX, as transpose applied twice is the
identity transformation.

So, we can vector transpose each of the m CM swaths A3 in
place by the method P we have already described. This result
is order M SBPF A1. In FIG. 4, we stop here as our T in FIG.
4is].

Step 4 is the process of applying the transformation T to
order M SBPF Al: we will get T(A1) as mt SB’s. Step 5 is
applying the inverse of process P=P"-1 to T(A1). Now, T(A1)
is in CM format. We then, as Step 6 move expand CM T(A1)
backwards in the array space of AP leaving spaces for matrix
elements of packed A of array AP in buffer B. Finally, as Step
7 we use the buffer B and copy its contents out-of-place into
the vacant places of the expanded packed T(A1) matrix. We
have now described all the essential features of the algorithm.

The SMP parallel algorithm is obtained by letting different
processors move the disjoint cycles associated with the trans-
formation T of the small order matrix B1. If B1 only has a few
large cycles then one cuts these cycles into several pieces.
Each processor can move a disjoint piece of such a single long
cycle. This covers step 4. Clearly, step 3 and 5 can be paral-
lelized easily. Also, steps 2 and 6 are almost all M stride one
dcopy operations and so, are easily parallelized.

In many cases, T will be the identity transformation 1. FIG.
4 is describing this case. When T=I a user is interested in
obtaining a SBPF representation of packed A. In this case, the
eight step procedure above can be simplified. We describe two
cases.

In case 1, SBPF A uses buffer B and AP(0:mtb-1) as
storage. Steps 0 to 3 above are used. In FIG. 4 we are describ-
ing case 1. The final result is buffer 405 and SBPF A1 shown
at 407.

In case 2, we describe a way to get a hybrid SBPF repre-
sentation of packed A; we store the diagonal blocks of packed
A in RFP format.

In case 2, we need not use steps 1 to 3. Instead, we use
buffer B as a means of performing standard out-of-place
algorithms. Therefore, we only cover modifications to steps 1
to 3. Consider a column swath of b consecutive columns from
packed A of size S by b. The column swath is a trapezoid T1
of'sides S and S-b+1 and base b. Let buffer B have size S*b.
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B can hold a square block of order b=r and n NB by b
rectangles if S=n*NB+r. Here, S=N the order of packed A and
the condition holds for the left-over swath of packed A. All
remaining n swaths have size k*NB by NB where 1<k<n. We
apply steps 2 and 3 for all n+1 swaths using buffer B as the
target area of Step 2 and B itself for step 3. Step 1 is not used.
There is an additional step which consists of out-of-place
operations from buffer B back to the swath. Again, standard
out-of-place algorithms can be used and, hence, need not be
covered in this discussion.

Exemplary Hardware Implementation

FIG. 5 illustrates a typical hardware configuration of an
information handling/computer system in accordance with
the invention and which preferably has at least one processor
or central processing unit (CPU) 511 with one or more asso-
ciated caches such as an L1 or L.2 cache.

The CPUs 511 are interconnected via a system bus 512 to
a random access memory (RAM) 514, read-only memory
(ROM) 516, input/output (I/O) adapter 518 (for connecting
peripheral devices such as disk units 521 and tape drives 540
to the bus 512), user interface adapter 522 (for connecting a
keyboard 524, mouse 526, speaker 528, microphone 532,
and/or other user interface device to the bus 512), a commu-
nication adapter 534 for connecting an information handling
system to a data processing network, the Internet, an Intranet,
apersonal area network (PAN), etc., and a display adapter 536
for connecting the bus 512 to a display device 538 and/or
printer 539 (e.g., a digital printer or the like).

In addition to the hardware/software environment
described above, a different aspect of the invention includes a
computer-implemented method for performing the above
method. As an example, this method may be implemented in
the particular environment discussed above.

Such a method may be implemented, for example, by oper-
ating a computer, as embodied by a digital data processing
apparatus, to execute a sequence of machine-readable
instructions. These instructions may reside in various types of
signal-bearing media.

Thus, this aspect of the present invention is directed to a
programmed product, comprising signal-bearing media tan-
gibly embodying a program of machine-readable instructions
executable by a digital data processor incorporating the CPU
511 and hardware above, to perform the method of the inven-
tion.

This signal-bearing media may include, for example, a
RAM contained within the CPU 511, as represented by the
fast-access storage for example. Alternatively, the instruc-
tions may be contained in another signal-bearing media, such
as a magnetic data storage diskette 600 (FIG. 6), directly or
indirectly accessible by the CPU 511.

Whether contained in the diskette 600, the computer/CPU
511, or elsewhere, the instructions may be stored on a variety
of machine-readable data storage media, such as DASD stor-
age (e.g., a conventional “hard drive” or a RAID array),
magnetic tape, electronic read-only memory (e.g., ROM,
EPROM, or EEPROM), an optical storage device (e.g. CD-
ROM, WORM, DVD, digital optical tape, etc.), paper
“punch” cards, or other suitable signal-bearing media includ-
ing transmission media such as digital and analog and com-
munication links and wireless. In an illustrative embodiment
of'the invention, the machine-readable instructions may com-
prise software object code.

In yet another aspect of the present invention, it should be
apparent that the method described herein has potential appli-
cation in widely varying areas for analysis of data, including
such as areas as business, manufacturing, government, etc.
Therefore, the method of the present invention, particularly as
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implemented as a computer-based tool, can potentially serve
as a basis for a business oriented toward analysis of such data,
including consultation services. Such areas of application are
considered as covered by the present invention.

While the invention has been described in terms of a single
exemplary embodiment, those skilled in the art will recognize
that the invention can be practiced with modification within
the spirit and scope of the appended claims.

Further, it is noted that, Applicants’ intent is to encompass
equivalents of all claim elements, even if amended later dur-
ing prosecution.

Having thus described our invention, what we claim as new
and desire to secure by Letters Patent is as follows:
1. A computerized method for an in-place transformation
of matrix data, said method comprising:
for a matrix A having a size MxN, as stored in a memory of
a computer in one of a standard full format or a packed
format in one of a column major format or a row major
format, and for a transformation T having a compact
representation, choosing blocking parameters MB and
NB based on a cache size of the computer such that
MB*NB lies between an L1 cache size and an L.2 cache
size, and using a processor on the computer to perform
the steps of:
determining a size M1xN1 for blocking matrix A into a
plurality of sub-matrices, and values m and n, such that
M1=m*MB and N1=n*NB;

determining whether any residual exists in said matrix A
data if matrix A is blocked into sub-matrices, by deter-
mining whether either r or q is greater than zero, where
M=m*MB+r and N=n*NB+q, and, if so, allocating at
least one buffer area in memory and moving any said
residuals r and/or q, respectively, into said at least one
buffer area;

executing a contraction processing on data of matrix A1=A

(0:M1-1,0:N1-1) to convert said data in-place to an
array space A(0:M1*N1-1);

converting said array space A(0:M1*N1-1) into a New

Data Structure (NDS) matrix A1 wherein said data is
stored in memory as contiguous data in increments of
blocks of said size MBxNB;

transforming, in-place, said matrix Al in NDS format by

sequentially reading into the cache, transforming, and
storing each MBxNB block;

executing an expansion processing to convert said trans-

formed matrix Al in NDS format back into said one of
column major format or row major format, leaving a
hole or holes to replace the residual data of said at least
one buffer area; and

executing an out-of-place transformation of contents of

said at least one buffer area and storing the out-of-place
transformed data into said hole or holes.

2. The method of claim 1, wherein said matrix A is stored
as said standard full format and said NDS comprises a rect-
angular block (RB) format.

3. The method of claim 1, wherein said matrix A is stored
as said packed format and said NDS comprises a Square
Block Packed (SBP) format.

4. The method of claim 1, wherein said data transformation
comprises a matrix transposition.

5. The method of claim 1, as implemented by an entity
providing consultation services.

6. The method of claim 1, wherein a transformation T has
a compact representation if said transformation, having size
N, can be represented by a formula that uses a constant
amount of space, independent of N.
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7. The method of claim 1, wherein said data transformation
comprises a matrix transformation between lower Square
Block Packed Format (SBPF) and upper SBPF formats or
between upper SBFT and lower SBPF formats.

8. The method of claim 1, wherein said data transformation
comprises a matrix transformation between a packed format
and a rectangular full packed (RFP) format or between RFP
and packed formats.

9. The method of claim 1, wherein “in-place” means that a
permutation of data is returned to a same location in a
memory as used for the data originally.

10. An apparatus, comprising

a memory to store a matrix A of size MxN in one of a

standard full format or a packed format, as stored in one
of a column major format or a row major format, and
instructions for performing a transformation T having a
compact representation;

a hierarchical cache system comprising at least one an L1

cache and an L2 cache; and
aprocessor performing said transformation on said matrix
Aby:

choosing blocking parameters MB and NB based on a
cache size such that MB*NB lies between a size of the
L1 cache and a size of the L2 cache;

determining a size M1xN1 for blocking matrix A into a
plurality of sub-matrices Ai, and values m and n, such
that M1=m*MB and N1=n*NB;

determining whether any residual exists in said matrix A

data if matrix A is blocked into submatrices Ai by deter-
mining whether either r or q is greater than zero, where
M=m*MB+r and N=n*NB+q, and, if so, allocating at
least one buffer area in memory and moving any said
residuals r and/or q, respectively, into said at least one
buffer area;

executing a contraction processing on data of matrix A1=A

(0:M1-1,0:N1-1) to convert said data in-place to an
array space A(0:M1*N1-1);

converting said array space A(0:M1*N1-1) into a New

Data Structure (NDS) matrix A1 wherein said data is
stored in memory as contiguous data in increments of
blocks of said size MBxNB;

transforming, in-place, said matrix Al in NDS format by

sequentially reading into the cache, transforming, and
storing each MBxNB block;
executing an expansion processing to convert said trans-
formed matrix A1 in NDS format back into said one of
column major format or row major format, leaving holes
to replace the residual data of said buffer areas; and

executing an out-of-place transformation of contents of
said at least one buffer area and storing the out-of-place
transformed data into said holes.

11. The apparatus of claim 10, wherein said matrix A is
stored as said standard full format and said NDS comprises a
rectangular block (RB) format.

12. The apparatus of claim 10, wherein said matrix A is
stored as said packed format and said NDS comprises a
Square Block Packed (SBP) format.

13. The apparatus of claim 10, wherein said data transfor-
mation comprises a matrix transposition.
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14. A non-transitory, machine-readable storage medium
tangibly embodying a program of machine-readable instruc-
tions executable by a digital processing apparatus to perform
a computerized method for an in-place transformation of
matrix data, wherein said digital processing apparatus com-
prises a hierarchical cache system comprising at least one an
L1 cache and an 1.2 cache, a memory, and a processor execut-
ing said method comprising:
for a matrix A having size MxN, as stored in the memory in
one of a standard full format or a packed format in a
column major format or a row major format, and a trans-
formation T having a compact representation, choosing
blocking parameters MB and NB based on the cache size
such that MB*NB lies between the L1 cache size and the
L2 cache size;

determining a size M1xN1 for blocking matrix A into a
plurality of sub-matrices Ai, and values m and n, such
that M1=m*MB and N1=n*NB;

determining whether any residual exists in said matrix A

data if matrix A is blocked into submatrices Ai by deter-
mining whether either r or q is greater than zero, where
M=m*MB+r and N=n*NB+q, and, if so, allocating at
least one buffer area in memory and moving any said
residuals r and/or q, respectively, into said at least one
buffer area;

executing a contraction processing on data of matrix A1=A

(0:M1-1,0:N1-1) to convert said data in-place to an
array space A(0:M1*N1-1);

converting said array space A(0:M1*N1-1) into a New

Data Structure (NDS) matrix A1 wherein said data is
stored in memory as contiguous data in increments of
blocks of said size MBxNB;

transforming, in-place, said matrix Al in NDS format by

sequentially reading into cache, transforming, and stor-
ing each MBxNB block;

executing an expansion processing to convert said trans-

formed matrix Al in NDS format back into said one of
column major format or row major format, leaving a
hole or holes to replace the residual data of said at least
one buffer area; and

executing an out-of-place transformation of contents of

said at least one buffer area and storing the out-of-place
transformed data into said hole or holes.

15. The machine-readable storage medium of claim 14,
wherein said matrix A is stored as said standard full format
and said NDS comprises a rectangular block (RB) format.

16. The machine-readable storage medium of claim 14,
wherein said matrix A is stored as said packed format and said
NDS comprises a Square Block Packed (SBP) format.

17. The machine-readable storage medium of claim 14,
wherein said data transformation comprises a matrix trans-
position.

18. The machine-readable storage medium of claim 14 as
comprising one of:

a hard drive memory on a computer;

a RAM memory on a computer;

a storage device associated with a server; and

a standalone diskette of instructions to be inserted into a

computer.



